In this paper the elastic and geometric stiffness matrices of the semi-analytical finite strip method (FSM) 
of through-thickness variation of strains-stresses. In recent CUFSM the through-thickness variation is neglected in the work of the external forces (i.e. the negative of the external potential energy), while in the internal strain energy (i.e. in the internal potential energy) the through-thickness variation is considered. The practical effect of the inconsistency was discussed in the frame of global buckling (e.g., flexural, torsional, lateraltorsional buckling), and was concluded that the inconsistency has practically negligible effect on the vast majority of practical cases, but examples are found when this inconsistency has nonnegligible effect, e.g. in case of short members, thicker crosssections, and especially for torsional type buckling modes (i.e. pure-torsional, flexural-torsional and lateral-torsional buckling).
As the inconsistency comes from the different assumptions of internal and external potential energy, the problem is embedded in the derivation of elastic and geometric stiffness matrices. In a recent paper [11] the derivations are presented for the simplest case: members with (globally and locally) pinned ends. However, in the latest version of CUFSM software, Li and Schafer introduced the solution for general boundary conditions [13] .
In this paper the derivation of stiffness matrices is generalized in two ways: (i) various longitudinal base functions are considered as in [3] and [13] (which correspond to various end restraints: simple-simple, clamped-clamped, simple-clamped, clamped-free and clamped-guided), and (ii) a general distribution of the loads is assumed over the strip. As in [11] the elastic stiffness matrix is derived in two different versions: throughthickness variation is considered or neglected in the internal strain energy. The geometric stiffness matrix is derived in four different ways: through-thickness variation is considered or neglected in the work of the external forces, and the second-order term of the longitudinal displacement is considered or neglected in the second-order strain. The different stiffness matrices are derived in closed form with these assumptions, and implemented into the recent version of CUFSM software. With the modified software numerical studies are performed to verify the new stiffness matrices as well as to illustrate the effect of the various options. Critical stresses are calculated for general buckling cases, and also for pure buckling modes: global (i.e. flexural, torsional, lateral-torsional), distortional and local plate buckling. These FSM critical values are compared to each other and to Shell FEM, Beam FEM and generalized beam theory (GBT) results.
Finite strip method stiffness matrices 2.1 Overview of the derivations
In the semi-analytical finite strip method a member is discretized into longitudinal strips, unlike in finite element method which applies discretization in both the longitudinal and transverse directions. In Fig. 1 a single strip is highlighted, along with the local coordinate system and the degrees of freedom (DOF) for the strip, the dimensions of the strip, and the applied end tractions. Unlike in previous FSM derivations (see [10] ), here the dependency of the displacements on the local z coordinate is explicitly considered, otherwise the usual steps of finite element or finite strip derivations are followed. It is to highlight that here the positive sign of the rotational degree of freedom, Θ, corresponds to the positive rotation in the coordinate system, which is just the opposite the sign convention used in [9] , [13] and [10] .
where T y0 is the load on one end of the mid-line at x = 0 point, T x is the variation in x direction, while T z1 and T z2 are the variations in z direction at x = 0 and x = b points.
The vector of general displacement field, u, is approximated with the matrix of shape functions, N [m] , and the vector of the nodal line displacements, d [m] , as:
where
and
The shape functions for approximation of in-plane displacements from u and v are N u [m] and N v[m] , while the shape function for approximation of out-of-plane displacement from w and Θ is N w[m] , as:
The approximation in the transverse directions is the same as a classical beam finite element (using the Hermite polynomials), while in the longitudinal direction Y [m] is applied, which is a trigonometric function depending on the end boundary conditions (see [3] ). In 
C-C: clamped-clamped
S-C: simple-clamped
C-F: clamped-free
C-G: clamped-guided
It is to mention that later c [n] , Y n , N u[n] , etc. symbols will also be used, see e.g., Eq. (32) or Eq. (38), with c
The strain vector, , can be expressed by the operator matrix, L, the matrix of shape functions, N [m] (see Eq. (3)), and the vector of the nodal line displacements, d [m] (see Eq. (4)), as:
where the operator matrix is:
The stress vector, σ, can be expressed with the material matrix, E, and the strain vector, , as:
where the material matrix, assuming linear elastic orthotropic material, is:
and the stress vector is:
Since the method is intended to be applicable for geometrically nonlinear analysis (e.g., linear buckling analysis), nonlinear strains must be considered. This is completed here by using the second-order terms of Green-Lagrange strains. However, since longitudinal loading is assumed only, it is the longitudinal normal strain only where second-order term is necessary (similarly to [9] , [13] and [10] ), as follows:
which can be expressed with the matrix of shape functions and the vector of the nodal line displacements using Eqs. (3) and (4), as:
The total potential energy, Π, can be calculated from the internal strain energy, U, and the work of the external forces, W, (i.e., the negative of the external potential), as:
The internal strain energy, U, can be expressed using Eqs. (13) and (15), as:
The work of the external forces, W, can be written as follows, using Eqs. (1) and (19):
In Eq. (21) the elastic stiffness matrix, while in Eq. (22) the geometric stiffness matrix appears, as a function of the m and n parameters:
The different options
Though the above steps of the derivation are always valid, simplifications in the formulae are possible and sometimes applied. Simplification is possible at three steps, namely: (i) definition of second-order strain, (ii) integration in the work of the external forces, and (iii) integration in internal strain energy. These possible simplifications are shown as follows.
In classical finite strip derivations (see [9] and [10] ) as well as in finite element derivations the second-order strain term is expressed as shown in Eq. (18) . However, it is also common to use a simplified formula, too, with neglecting the second-order term of the longitudinal displacement (i.e., neglecting the (∂v/∂y) 2 term). This simplified formula is the one typically used in classical buckling solutions of beams and columns. Therefore, the second-order strain term will be considered here in two options, as:
Furthermore, in performing the integration to calculate the work of the external forces (see Eq. (22)), two options are used in the practice, as follows:
The formula in Eq. (27) is the mathematically precise one, but the other formula (in Eq. (28)) is also widely used, especially in case of thin-walled members where the effect of the variation through the thickness is considered to be negligible. (Note, in case of the formula in Eq. (28), both T and II y functions should be considered with their mean values, i.e. with substituting z = 0.) Finally, in calculating the internal strain energy (see Eq. (21)), two options might be established (similarly to those of the external work), as:
The variation of strains and stresses through the thickness can be considered (see Eq. (29) • The first two options have influence on the geometric stiffness matrix, but no influence on the elastic stiffness matrix. On the other hand, the third option has influence on the elastic stiffness matrix only. This means that the elastic stiffness matrix (k e ) can be defined in two versions, while the geometric stiffness matrix (k g ) in four versions.
• The classical FSM (see [9] and [10] ) uses yny version.
• It does not seem to be consistent to consider throughthickness variation at one step of the derivation, while disregard it in another step, thus, * ny or * yn versions are theoretically inconsistent (even though this inconsistency might have negligibly small practical effect).
• If a version is referenced with * in it, that means it can be both yes or no (e.g. * ny summarizes the nny and yny versions).
Different versions of the elastic stiffness matrix
The elastic stiffness matrix appears in the calculation of internal strain energy (see Eq. (21)). As it mentioned in Section 2.2, there are two different ways for the calculation of the internal potential: the through-thickness stress-strain variation can be (29)), or can be neglected (as in Eq. (30)). It also means that the elastic stiffness matrix has two different versions, one is the k * * n e[mn] matrix in case of neglect, the other is the k * * y e[mn] matrix, when through-thickness stress-strain variation is considered. The substitution and subsequent integration leads to the following closed-formed solution for the * * n version:
where 0 denotes a four-by-four zero matrix, and the non-zero term is expressed as:
3E 11 I 1 +Gb 2 I 5 3b
In case of * * y version, the elastic stiffness matrix can be calculated from the * * n version (see Eq. (31)) with an additional matrix, ∆k * * y e[mn] , as:
where 
and the two-by-two submatrices are: 
The parameters in the matrices are c [m] = mπ/a, c [n] = nπ/a, and:
where I 1 -I 5 parameters have explicit integration results for all the five end boundary conditions (see Eqs. (8)- (12)), discussed in paper [13] .
Different versions of the geometric stiffness matrix
The geometric stiffness matrix appears in the calculation of the work of external loads (see Eq. (22)). As it discussed in Section 2.2, there are four different ways for the calculation of the external work: in the second-order strain the (∂v/∂y) 2 term can be considered (as in Eq. (25)) or neglected (see Eq. (26)), while in the calculation of external work, the through-thickness variation can be considered (as in Eq. (27)), or neglected (see Eq. (28) matrix can be written as:
where the non-zero submatrices are:
Local stiffness matrices for the semi- = btI 4 
The parameters in the matrices are c [m] = mπ/a, c [n] = nπ/a, while I 4 and I 5 are mentioned in Eq. (38).
Stiffness matrices of a member
The matrices derived in Section 2.3 and 2.4 are eight-by-eight submatrices of the full local elastic and geometric stiffness matrices of a single strip, k e and k g . Assuming m = 1 . . . q and n = 1 . . . q, both matrices can be expressed from q 2 submatrices, as follows: 
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The global stiffness matrices of a member consists of multiple strips can be assembled using k e and k g . The matrices must be transformed at first from local to global coordinate system, then the global elastic and geometric stiffness matrices, K e and K g , can be compiled. Transformation of the stiffness matrices of strip j follows from:
where Γ ( j) is the 2D rotation matrix. The global stiffness matrices may be assembled as an appropriate summation of the local stiffness matrices for all the s strips:
3 Numerical studies
In general
The numerical studies are completed for two reasons: in order (i) to verify the newly derived stiffness matrices, and (ii) to show the effect of the different matrix options on the critical forces. The calculations are performed by a modified version of the CUFSM software [15] , in which the new stiffness matrices are used. These results are compared to results of shell and beam finite element analysis by ANSYS [16] , and to results of generalized beam theory by GBTUL [17] .
Prismatic members are analyzed with a wide range of member lengths and various cross-sections: two I-sections, an Isection with two web-stiffeners and a C-section (see Fig. 2 ). Linearly elastic material is used with steel-like material constants: E = 210000 MPa, G = 105000 MPa, ν = 0. It is to note that the Poisson's ratio is assumed to be zero for no other reason than to avoid the artificial stiffening effect of restrained (midplane) transverse extension which takes place in G and D modes for non-zero Poisson's ratios, as discussed in detail in [12] . Altogether five combination of end restraints are studied (but not all of them appears in the results): simple-simple (S-S), clampedclamped (C-C), simple-clamped (S-C), clamped-free (C-F) and clamped-guided (C-G) supports. In case of simple support the end is free to rotate about the transverse axes and free to warp, but restrained against transverse translations and rotation about the longitudinal axes. Clamped end is restrained against transverse translations, rotations about all axes and warping. Guided end is restrained against rotations about all axes and warping while free to move in the transverse directions (i.e., perpendicular to the member longitudinal axis). The members are loaded by two concentrated longitudinal forces (column with compression) or loaded by two concentrated moments (beam with bending) at both ends, equal in magnitude but opposite in direction, which results in a constant compression force or constant bending moment along the member.
In case of these members various buckling problems were studied, and elastic critical stresses were calculated. For a bended member the critical stresses are interpreted on the midline of the top/bottom flange. On the one hand general buckling modes were assumed: different interactions of global, distortional and local plate buckling. On the other hand the pure buckling modes were studied, including pure global modes (flexural, torsional and lateral-torsional buckling), pure local plate buckling and pure distortional buckling. In most of the cases only the first buckling modes were calculated, but for some instance the higher modes are shown, too.
Applied numerical models
The FSM results are compared to altogether three different numerical methods: shell and beam finite element methods by ANSYS, and generalized beam theory by GBTUL. Fig. 3 shows the main differences between the different methods.
In case of shell finite element model (Shell FEM) rectangular four-node shell elements are applied with six degrees of freedom on every node (three translational and three rotational), based on Kirchhoff plate theory (called SHELL63 in ANSYS). A relatively fine discretization is used with approx. 2000-20000 shell elements (depending on member length). The supports are applied in the gravity center of the end cross-section, and the other nodes of the cross-section are linked to this node with support-specific degrees of freedom: for simple support the transverse translational and the longitudinal rotational dofs, while for clamped and guided support all dofs are applied. This difference of the supports needs difference in the load application mode, too. In case of simple support (S) and free end (F) the forces or moments have been applied as linearly distributed loads on the lines of end cross-sections so that the resultant would be equal to a unit compression force or bending moment, while for clamped (C) and guided (G) supports the loads are applied on the nodes of the supports as a concentrated force or moment. To enforce the members to buckle according to desired modes the shell finite element model have to be constrained, which is not an obvious process, and depends on the desired buckling mode. For pure global buckling the constraining can be applied in three steps: (i) virtual diaphragms can be used for all cross-sections in order to exclude cross-section distortions, (ii) constraints can be applied in order to enforce linear warping distribution in transverse directions on each plate element, and (iii) shear panels can be used for each plate element in order to exclude the in-plane shear deformations. To enforce the member for pure local plate buckling only the shear panels are used out of above-mentioned constraints, and the corner points of the cross-sections are supported in both transverse directions. Finally, there is no simple way to enforce a general shell finite element model to buckle according to the pure distortional buckling mode, so distortional buckling is not studied by shell FEM.
For the beam finite element model (Beam FEM) three-node beam elements are used with seven degrees of freedom on every node (three translational, three rotational and warping), based on Timoschenko beam theory (called BEAM189 in ANSYS). A fine meshing is applied with approx. 10-100 beam elements (depending on member length). The supports and the loads have been applied on the member end nodes. In case of Beam FEM only the global, flexural buckling modes can be studied, as the cross-sections remains rigid with this beam element (even with the warping dof). To exclude the shear deformations, the shear modulus have been increased thousandfold.
Generalized beam theory (GBT) has also been used for comparison, with the GBTUL software [17] . With this method both the general (interacted) buckling modes and the pure buckling modes can be studied.
Results
In Fig. 4 critical stresses are presented, calculated from a standard FSM analysis with considering multiple m terms. Though the actual plot belongs to the C-section (Fig. 2) column member, the observed tendencies are generally valid for the majority of practical problems. It is to observe that only four options lead to buckling solutions, i.e., in a general FSM analysis the * * n options cannot be used. It is also to observe that the differences between the four valid options are rather small, and in fact negligible for a wide range of member lengths. Thus, the general conclusion is that any of * * y options lead to practically correct critical loads if the analyzed problem can be considered to be a 'standard' problem, i.e., standard thin-walled cross-section, standard loading, the length is not extremely small, there are no special constraints, etc. However, if the analyzed problem is less usual, the above general conclusions might not be always and exactly valid, which is also intended to be demonstrated here.
A special version of FSM has recently been proposed, called constrained Finite Strip Method (cFSM), presented in [4] . cFSM uses mechanical criteria to enforce or classify deformations to be consistent with global (G), distortional (D), local (L), and other (i.e., shear and transverse extension, S+T) deformations. Since cFSM is implemented in CUFSM, it is possible, and in fact, easy to perform the buckling analysis in a reduced displacement field, and to have the critical loads specifically to global buckling (e.g., flexural buckling, torsional buckling, lateraltorsional buckling, etc), to distortional buckling or to local plate buckling. Since the enforced mechanical criteria can also be interpreted as special, unusual restraints, they are worth to investigate.
In Figs. 5-9 typical critical load vs. buckling length plots are presented for pure modes, namely: for flexural buckling of a column (Fig. 5) , for pure torsional buckling of a column (Fig. 6) , for lateral-torsional buckling of a beam (Fig. 7) , for distortional buckling of column member (Fig. 8) , and for local plate buckling of a column member (Fig. 9) . The most important observations are as follows.
• Unlike in a general FSM buckling analysis, all the eight versions lead to reasonable results in case of global buckling. In case of distortional buckling, though all the eight versions can be solved, only the four * * y versions lead to reasonable critical loads (while the * * n versions lead to clearly wrong critical load values for longer buckling lengths). Finally, local buckling can be solved by using the four * * y versions, only.
• In case of global and distortional buckling, there is a distinct difference depending on how the longitudinal second-order strain term is assumed (Eq. (25) or (26)): critical loads of n * * versions go infinitely large as the member length tends to zero, while critical loads of y * * versions converge to a finite value as the member length tends to zero.
• When torsion is important in the global buckling, there is a distinct difference between * * n and * * y versions: * * n critical loads converge to zero, while * * y critical loads converge to a finite value as the member length tends to infinity.
Though the differences in between the various reasonable versions might be small, smaller differences still exist. These differences cannot be properly visualized in classical critical load vs. length plots, but can be examined numerically. In Tabs 
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Dávid Visy / Sándor Ádány Local stiffness matrices for the semi-analytical Finite Strip Methodbuckling of a compressed I-2s section column with S-S support (Tab. 9) and local plate buckling of a compressed C-section column with S-S support (Tab. 10). These tables are used also to compare the FSM results to results of other numerical methods, especially to shell finite element analysis and GBT analysis. The most important observations are as follows.
• In case of general cross-sections only small differences can be noticed (except in case of extremely small lengths).
• Shell FEM and FSM results are fairly similar. In case of global buckling, Shell FEM seems to be yny version. Coincidence of the Shell FEM and FSM results exists independently of end restraints or loading (i.e., compression or bending).
• Beam FEM results can be calculated just for global flexural buckling with the mentioned method. Beam FEM seems to be similar to FSM nny version.
• GBT and FSM results are similar, too. In case of global buckling GBT results practically exactly coincide with FSM nny version. In case of pure local buckling mode, GBTUL results are slightly different.
• If the cross-section is unusual, such as I-2, there are nonnegligible differences between the versions, even in case of flexural buckling (see Tab. 6 ).
• In case of distortional buckling: the differences in between the reasonable * * y versions are small, not more than 1% (see Tab. 9).
• In case of local buckling, the differences in between the valid (i.e, * * y) versions is small, not more than a few percentage even if the plates are relatively thick (see Tab. 10).
• The differences are larger for higher buckling modes (see Tabs. 3 and 4).
It is also to note that various cFSM options are also compared to analytical results in case of global buckling, as summarized in [2] , and excellent coincidence has been found.
Conclusions
In this paper elastic and geometric stiffness matrices for the semi-analytical finite strip method are derived. Altogether eight versions are considered and tested by numerical studies. The results justify the newly derived stiffness matrices as well as demonstrate the effect of various versions. Based on the results the general conclusions are as follows:
• In a general case * * y versions can only be used, which means the through-thickness variation of the strains have to be considered, otherwise the calculation leads to false critical values.
• It is a question of decision how to consider the secondorder (longitudinal) strain term (i.e. the (∂v/∂y) 2 term, as in Eq. (25) or (26)). Both alternatives are correct and widely used in practice, but lead to different results in case of short members.
• It seems to be more logical to use consistent versions (i.e., nyy or yyy), where the through-thickness variation of strainsstresses are both considered.
• Though yny version is theoretically inconsistent (as throughthickness variation is neglected in external work, but considered for the strains), it is found that yny version is widely used in practice, since shell FEM analysis -most probably -uses this version. In most cases the inaccuracy caused by the inconsistency of version yny is negligible.
